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We consider an exact solvable interacting spin-full Kitaev chain which is a generalization of the
Mattis-Nam model. A nearest-neighbor dimerized interaction favoring the production of disjoint
molecules, drives the quantum phase into a insulating one. The phases are characterized statically
and dynamically in terms of magnetization and spin-singlet correlations by using the exact solu-
tion. The model is shown to be exact solvable also in presence of boundary interactions which
are originated from a spin-singlet superconductive pairing and a magnetic field, and exploited to
exactly examine the out-of-equilibrium dynamics following a boundary quench. The propagation of
the disturbance in nearest-neighbor magnetization and spin-singlet correlations displays a ballistic
behavior for long times, with different velocities.
INTRODUCTION
In the last decades topological materials have received
a big attention. Although a systematic study can be
performed for non-interacting fermions [1–3], the role of
interactions remains particularly attractive, which origi-
nate a breakdown of this classification [4].
Unfortunately, interacting models which can be solv-
able exactly are uncommon.
The Kitaev chain model in presence of a nearest neigh-
bor interaction has been recently characterized by consid-
ering a frustration-free case [6], a non-homogenous chem-
ical potential [7], and an exact solution has been given
at the symmetry point [8] also by including dimeriza-
tion [9, 10]. Another exactly solvable model which is a
p-wave chain of spin 12 fermions in presence of Hubbard
interaction, has been introduced by Mattis and Nam [13].
That model can be mapped onto two interacting Kitaev
chains, which have been recently taken in exam out-
side the half-filling by adopting numerical methods and
bosonization technics [5].
The out of equilibrium dynamics of many-body sys-
tems following a quench, i.e an abrupt change of some
control parameter of the system, is typically related to
the topological features of the phase. In particular, in
one dimensional topological systems of non-interacting
fermions, quench between distinct topologically phases
are intimately related to the emergence of dynamical
phase transitions [17]. Moreover, the dynamics following
a local quench allows to study the propagation of quasi-
particles in the system, which has been already analysed
in a one dimensional quantum Ising chain [15, 16].
In this paper, we consider the Mattis-Nam model in
presence of a further interaction favoring the genera-
tion of molecules in the ground state. An exact solu-
tion in terms of non-interacting spinless fermions can be
achieved by performing two Jordan-Wigner transforma-
tions. We give a characterization of the quantum phase
in the bulk and at the boundary of the chain, high-
lighting the presence of long range order in the trivial
phases related to a spontaneous symmetry breaking of
the Zx2 symmetry. We proof that the model is exactly
solvable also in presence of boundary interactions orig-
inating from a spin-singlet superconductive pairing and
a magnetic field in the y direction. We also analyse the
dynamics in the Mattis-Nam model following a boundary
quench examining the propagation of disturbance in the
nearest-neighbor magnetization and spin-singlet correla-
tions. Both display a ballistic long time propagation but
with sensitively different velocities.
THE MODEL
We consider a one-dimensional chain of spin 12 fermions
described by the Hamiltonian H = H0 +H1 +Hedge.
For a chain of length L with open boundary conditions,
the Hamiltonian H0 reads
H0 =
L−1∑
j=1,σ
[
−t(c†jσcj+1σ + h.c.)−∆σ(c†jσc†j+1σ + h.c.)
]
+U
L∑
j=1
(2nj↑ − 1)(2nj↓ − 1)− µ
L∑
j=1,σ
(njσ − 1
2
)
describing a gas of spin 12 fermions with p-wave triplet
superconducting pairing and Hubbard interaction. The
operators cjσ (c
†
jσ) annihilates (creates) a fermion on
site j with spin σ =↑, ↓ and satisfy the anticommuta-
tion relations {ciσ, cjσ′} = 0 and {c†iσ, cjσ′} = δijδσσ′ ,
njσ = c
†
jσcjσ is the occupation number operator, t is the
hopping amplitude, ∆σ is the superconducting pairing
potential, µ is the chemical potential and U is the inter-
action. In particular, at the symmetric point ∆σ = t and
for µ = 0 the Hamiltonian H0 reduces to the Mattis-Nam
model.
The term H1 reads
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2H1 =
L
2∑
j=1
λj(c2j↑ + c
†
2j↑)(c2j↓ + c
†
2j↓)(c2j−1↑ − c†2j−1↑)
×(c†2j−1↓ − c2j−1↓) (1)
and gives a dimerized nearest-neighbor interaction.
We take in account boundary interactions described by
Hedge, originating from the presence of a singlet super-
conductive pairing ∆0 and a magnetic field h
Hedge = −h · SL − i∆0(cL↑cL↓ − h.c) (2)
where Sαj is the spin operator S
α
j =
1
2
∑
σσ′ c
†
jσσ
α
σσ′cjσ′
and {σα} are the Pauli matrices. We focus on the
superconductive pairing ∆↑ = ∆↓ = ∆. In particu-
lar the transformation (cj↑, cj↓) → (cj↑, icj↓) maps the
model onto the case ∆↑ = −∆↓ with interaction H1 =∑
j λj(2n2j↑− 1)(2n2j−1↓− 1), and h 7→ (hy, hx, hz) and
∆0 7→ i∆0.
We briefly recall the symmetry features of the model
without the boundary term Hedge.
The model is symmetric with respect to the time-
reversal transformation which is represented by an anti-
unitary which acts on the fermions as (cj↑, cj↓) →
(cj↓,−cj↑) and to the number parity transformation rep-
resented by the unitary operator Zf2 = e
ipi
∑
jσ njσ . The
model is invariant also under the rotation (cj↑, cj↓) →
(cj↓, cj↑) represented through the unitary Zx2 .
At ∆ = 0 there is a spin rotation symmetry SU(2),
which is broken down to the rotation around y axis(
cj↑
cj↓
)
→
(
cosφ − sinφ
sinφ cosφ
)(
cj↑
cj↓
)
due to the presence of the superconductive pairing.
The associated conserved charge is the total spin in y
direction Sy =
∑L
j=1 S
y
j .
Due to that U(1) symmetry, the non-interacting model
can be classified in the AIII symmetry class.
At µ = 0 the model is invariant under the particle-hole
transformation ciσ → (−1)ic†iσ, so that Zp2 =
∏
jσ(cjσ +
(−1)jc†jσ) is conserved. We note that all the operators
Zα2 squares to the identity (we consider L even).
Conversely, both the boundary interaction terms al-
ways break the time-reversal and the rotation Zx2 sym-
metries.
Because of the presence of the quartic terms, the
HamiltonianH cannot be diagonalized in straightforward
way.
In this paper we consider the symmetric point ∆ = t
at the half-filling µ = 0, a magnetic field h = hyˆ and
λj = λ homogenous.
EXACT SOLUTION
We rewrite the Hamiltonian in the Majorana fermion
representation by defining the real Majorana operators
ajσ = cjσ + c
†
jσ and bjσ = −icjσ + ic†jσ which sat-
isfy relations {aiσ, ajσ′} = {biσ, bjσ′} = 2δijδσσ′ and
{aiσ, bjσ′} = 0.
In this representation the Hamiltonian H0 reads
H0 = −it
L−1∑
j=1,σ
aj+1σbjσ − U
L∑
j=1
aj↑bj↑aj↓bj↓ (3)
displaying decoupled Majorana fermions {a1σ, bLσ} at
U = 0, and the interaction H1
H1 =
L
2∑
j=1
λa2j↑a2j↓b2j−1↑b2j−1↓ (4)
from which we expect a trivial phase for strong inter-
actions.
By performing two Jordan-Wigner transformations,
we map the Hamiltonian H onto the simpler fermionic
model [18]
H = −iU
L∑
j=1
ajbj − it
L−1∑
j=1
(Rj +Rj+1)ajbj+1 (5)
+λ
L
2∑
j=1
R2j−1R2j − i
2
(
∆0 +
h
2
)
RLaLbL + c0RL
which allows us to identify the constant of motion
Rj = icjdj , where aj ,bj ,cj and dj are real fermions which
satisfy anticommutation relations {ai, bj} = 2δabδij and
we have defined the constant c0 =
1
2
(
∆0 − h2
)
.
The parities maps onto Zf2 =
∏L
j (iajbj) and Z
p
2 =∏L
j (icjdj).
All the eigenstates of the interacting model can be
classified in terms of the eigenvalues rj of the oper-
ators Rj , and the model can be exactly solvable in
each of these subspaces. In detail for the configura-
tion {rj} we obtain a quadratic fermionic Hamiltonian
H = i2
∑
aiBijbj + c0rL + λ
∑L
2
i=1 r2ir2i−1 with B real
matrix with non zero elements Bi,i+1 = −2(ri + ri+1)t,
Bii = −2U for i < L and BLL = −2αU with αU =
1
2 (∆0 + h/2)rL + U . By performing the singular value
decomposition B = UΛV T with U and V real orthogo-
nal matrices and Λ semi-definite positive diagonal matrix
with diagonal elements Λk ≥ 0, the Hamiltonian can be
written in the canonical form H = i2
∑
k Λka˜k b˜k where
a˜k =
∑
i Uikai and b˜k =
∑
i Vikbi and depend on the
configuration {rj}. The minimum energy in that sector
3results to be E = −∑k Λk/2 + c0rL + λ∑i r2ir2i−1. By
focusing on the model without the boundary term Hedge,
the two configurations {rj} and {−rj} give same energy
spectrum due to the Zx2 symmetry.
The Mattis-Nam Hamiltonian H0 has been character-
ized previously in ref. [13], and in the following we clarify
how the term H1 changes the phase of the model.
A non-homogenous rj produces disjoint molecules (i.e.
Kitaev chains) in Eq. (5) and for an attractive interaction
H1 (λ < 0) the ground state energy is obtained for the
two homogenous cases {ri = 1} and {ri = −1} due to
the lowering in energy coming from their union.
Conversely, for λ > 0 there is a lowering in energy as
the configuration {ri} becomes non-homogeneous due to
the H1 term which gets its minimum value −λL/2 for
the two staggered cases {r2j−1 = (−1)j+1, r2j = (−1)j}
and {r2j−1 = (−1)j , r2j = (−1)j+1}.
For U = 0, the ground state energy is obtained for the
homogenous configurations if λ < t and for the staggered
ones if λ > t. For U 6= 0 a numerical analysis shows that
the ground state energy is obtained also for rj homoge-
nous everywhere except the edges, i.e. homogenous only
for 1 < j < L (see Fig. 1).
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FIG. 1: The minimum energy configurations {rj} for L = 16
(left panel) and L = 100 (right panel) in function of the in-
teractions U and λ. The yellow, orange and cyan regions
correspond to the homogenous everywhere, only in bulk and
staggered rj . The marked red region is topologically non
trivial. In the cyan region the phase is insulating, and the
trivial yellow and orange regions show singlet correlation for
U < −2t and anti-ferromagnetic order for U > 2t. For L = 16
we change λ with a step 0.05t and U with a step 0.1t. For
L = 100 we perform the analysis by considering the class of
three configurations found for small L, we change λ with a
step 0.005t and U with a step 0.02t.
Then in the bulk we have two distinct ground states
corresponding to the staggered (cyan region) and ho-
mogenous configurations (yellow and orange regions) due
to the presence of the interaction H1.
QUANTUM PHASES AND QUENCH
In the two sectors {ri = 1} and {ri = −1} the model
with boundary interactions reads
H = −iU
L∑
j=1
ajbj ∓ i2t
L−1∑
j=1
ajbj+1 ∓ i
2
(
∆0 +
h
2
)
aLbL
∓c0 + λL
2
(6)
and can be solved exactly in the limit L → ∞, and
the expression of Uik±, Vik± and Λk can be read from
the table in ref. [15]. In particular only for |U | < 2t
there is one value Λ1 ∼ 2t |α| 1−(U/2t)
2√
1+(α2−1)(U/2t)2 (U/2t)
L
with Ui1± and Vi1± exponentially localized at 1 and L,
and except another possible out-band energy, the other
energies form a band Λ(θ) = 2t
√
(U/2t)2 + 1− U/t cos θ
at the thermodynamic limit.
For c0 = 0, for every value of U there are two ground
states |0±〉 belonging to the two subspaces {rj = ±1}
defined such that ia˜k±b˜k± |0±〉 = − |0±〉 for every k and
characterized by an even fermionic parity 〈0±|Zf2 |0±〉 =
1. The two states are related via the transformation Zx2 .
This degeneration will be lifted due the presence of the
term Hedge for c0 6= 0, and their energy will be E± =
− 12
∑
k Λk ± c0 + λL/2.
For |U | < 2t, the two states |1±〉 = 12 (a˜1± − ib˜1±) |0±〉
having odd fermionic parity 〈1±|Zf2 |1±〉 = −1, are de-
generate for c0 = 0, so that the ground state is fourfold
degenerate at the limit L→∞.
Without the edge term Hedge, by considering that in
absence of interactions (U = 0 and λ = 0) the quantum
phase exhibits a doublet of Majorana fermions at each
edge, by turning on the interactions we have a topological
superconductive phase in the adiabatically connected red
region, i.e. until we reach the phase transition line U =
±2t and λ < λc at which the model is gapless, or until we
reach a level crossing and the configuration rj becomes
staggered without gap closing.
Indeed, in the two sectors {r2j−1 = (−1)j+1, r2j =
(−1)j} and {r2j−1 = (−1)j , r2j = (−1)j+1} we have a
sum of disjoint molecules
H = −iU(a1b1 + aLbL) +
L
2∑
j=1
H
(m)
j ∓
i
2
(
∆0 +
h
2
)
aLbL
∓c0 − λL
2
(7)
where H
(m)
j = −iU(a2jb2j + a2j+1b2j+1) ∓
i(−1)j2ta2jb2j+1 describes a molecule of length two. In
this case the quantum phase (cyan region) is insulating
and topologically trivial.
In the following we briefly summarize the main fea-
tures of the quantum phases, by considering the thermo-
dynamic limit L→∞.
4We start by considering the homogenous cases {rj = 1}
and {rj = −1}, i.e. the Hamiltonian H0 is dominant over
H1.
Local spin-singlet correlation tend to be formed for an
attractive interaction and anti-ferromagnetic order for a
repulsive one. For α = 1 the ground state shows spin-
singlet correlation at the boundary, which is
〈cL↑cL↓〉 = i rL
4
1− U
pit
∫ pi
0
sin2(k)dk√
1 +
(
U
2t
)2 − Ut cos(k)

(8)
It results that the correlation is non analytic at the
critical points U = ±2t, and for U  −2t two fermions
tend to be localized at one edge 〈cL↑cL↓〉 ≈ irL/2, con-
versely for U  2t we have 〈cL↑cL↓〉 ≈ 0.
The boundary magnetization in the y direction is re-
lated to the singlet correlation through the equation
〈SyL〉 = −i〈cL↑cL↓〉 − rL2 , so that 〈SyL〉 ≈ 0 for U  −2t
and 〈SyL〉 ≈ rL2 for U  2t. When the boundary inter-
actions are so that α = 0, in the correspondent subspace
the real fermion aL is decoupled, and at finite size the
boundary spin-singlet correlation tends to be
lim
α→0
〈cL↑cL↓〉 = i rL
4
1− 2t
U
√√√√ (U2t)2 − 1
1− (U2t)−2L
 (9)
In order to characterize the quantum phase in the bulk,
we will impose periodic boundary condition to the model
in Eq. (5). Local spin-singlet correlation is generated
only in the trivial phase U < −2t, and reads
〈ci↑ci↓〉 ∼
 i ri2
(
1− ( 2tU )2) 14 , U < −2t
0, U > −2t
(10)
and at long-range we have
lim
|i−j|→∞
〈ci↑ci↓c†j↓c†j↑〉 ∼
 14
(
1− ( 2tU )2) 14 , U < −2t
0, U > −2t
(11)
A spontaneous nonzero magnetization 〈Syj 〉 is gener-
ated in the trivial phase U > 2t due to the repulsive
interaction
〈Syj 〉 ∼
 rj(−1)
L(−1)j+1
2
(
1− ( 2tU )2) 14 , U > 2t
0, U < 2t
(12)
and the phase shows anti-ferromagnetic long-range or-
der
lim
|i−j|→∞
〈Syi Syj 〉 ∼
 (−1)j−i4
(
1− ( 2tU )2) 14 , U > 2t
0, U < 2t
(13)
which vanishes exponentially for U < 2t, from which
results that these trivial quantum phases (yellow and or-
ange regions) display a spontaneous breaking of the Zx2
symmetry.
On the other side, when H1 is dominant and the con-
figuration {r2j = (−1)j , r2j−1 = (−1)j+1} are selected,
the phase is characterized by the correlations
〈ci↑ci↓c†j↓c†j↑〉 = (−1)P
rirj
8
(
U√
t2 + U2
− 1
)
(14)
and
〈Syi Syj 〉 = (−1)P
rirj
8
(
U√
t2 + U2
+ 1
)
(15)
where P is even if i and j have same parity, is odd
otherwise. Then the correlation of the spin state between
two nearest neighbor sites belonging to (two distinct) the
same molecule is (ferromagnetic) anti-ferromagnetic.
We note that the exact solution allows us to ex-
plore which role plays a non-homogenous interaction
U = (U1, U2, · · · , UL) where Ui is its value on the site
i. As an example, we consider λ = 0 and a pattern
U = (x, · · · , x, 1, x, · · · , x, 1, x · · · )U where the value U
is repeated in steps of N . From a numeric calculation of
the Majorana number for the model in Eq. (6) it results
that the phase is expected to be topologically nontrivial
if t > aN (x) |U | where the linear coefficient aN (x) de-
creases to zero as x → 0 and to x/2 as N → L. The
same result is observed by considering random distribu-
tions of the interaction U in the pattern U, with a linear
coefficient that decreases with the occurrence of the val-
ues x in U. This analysis proves how the topological
phase is strong against a sparse interaction (x = 0) in
the chain.
We now proceed giving a characterization of the dy-
namics features. By changing in time τ the on-site
interaction U , we produce the power P = 〈H˙(τ)〉 =
U˙
∑L
j=1〈−iaj(τ)bj(τ)〉. Particularly interesting is a driv-
ing across the critical line U = ±2t and λ < λc which
gives a nonzero power due to the production of adiabatic
excitations related to the second order quantum phase
transition. As an example, we consider a turn-on of a
strong interaction U  2t which is linear in time with
speed U˙ = 1/τQ. Due to the relation to the Ising model,
we have the power density PL ∼ 12pi U˙2t√2τQ [14].
We now turn to the study of the dynamics in the
non-insulating phase following the sudden turn-off of the
boundary interactions. With the aim to show how a lo-
cal perturbation propagates in the interacting chain, we
assume the system to be initially prepared in the ground
state of H (with α = 0+). At τ = 0 the boundary in-
teraction is suddenly switch-off (α = 1 for τ > 0), so
that the time evolution is generated by the Mattis-Nam
5Hamiltonian H0. The dynamics remains in the invariant
subspace with homogenous rj , giving a ballistic propaga-
tion of the signal.
In particular, the density of particles is constant
〈njσ〉 = 12 , so that the propagation occur with a zero
normal current.
We consider how the nearest neighbor correlations
Ci(τ) = 〈ci↑(τ)ci↓(τ)c†i+1↓(τ)c†i+1↑(τ)〉 and Si(τ) =
〈Syi (τ)Syi+1(τ)〉 evolve in time after a local sudden quench
generated by changing the edge term at the initial time
τ = 0. By considering the mean square center R2f (τ) =
(1/L)
∑
i fi(τ)(i − L)2 where f = C, S, we numerically
find that the velocity vf (τ) = ∂τ
√∣∣∣R2f (τ)−R2f (0)∣∣∣ tends
to be constant for τ  1 (see fig. 2), so that the propa-
gation is ballistic.
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FIG. 2: The velocities vC(τ) and vS(τ) in the ballistic regime
(τ = 30) in function of the interaction U . We turn-off the
boundary term Hedge from the initial value α = 0
+. We put
L = 200.
We note that the difference in the propagation veloc-
ities vC and vS is due to how the modes interfere, pro-
ducing a spin-charge separation effect.
CONCLUSION
In conclusion we have reexamined the Mattis-Nam
model in presence of a further nearest-neighbor inter-
action and a boundary term. The model is shown to
be exactly solvable by a mapping onto a non-interacting
one, allowing to give a simple characterization of the
quantum phase. Due to the new interaction an insu-
lating phase emerges with disjoint molecules. The mean
features of the different phases have been characterized
from a topological point of view, and by looking on the
spin singlet and magnetization correlations. In particular
the topological phase exhibits four Majorana fermions in
absence of quartic interactions, and by turning-on these
interactions the model can enter in trivial phases with
and without gap closing. We give a characterization also
from a dynamics point of view, by considering the evolu-
tion following a quench generated by suddenly removing
the boundary term.
APPENDIX
MAPPING
We rewrite the Hamiltonian in the Majorana fermion
representation by defining the real Majorana operators
ajσ = cjσ + c
†
jσ and bjσ = −icjσ + ic†jσ which sat-
isfy relations {aiσ, ajσ′} = {biσ, bjσ′} = 2δijδσσ′ and
{aiσ, bjσ′} = 0.
The Hamiltonian H0 reads
H0 = − i
2
L−1∑
j=1,σ
[(t+ ∆σ)aj+1σbjσ + (t−∆σ)ajσbj+1σ]
−U
L∑
j=1
aj↑bj↑aj↓bj↓ − iµ
2
L∑
j=1,σ
aiσbiσ (16)
By performing the Jordan-Wigner transformation
aj↑ =
(
j−1∏
i=1
σx2i−1
)
σz2j−1
bj↑ =
(
j−1∏
i=1
σx2i−1
)
σy2j−1
aj↓ =
(
L∏
i=1
σx2i−1
) L∏
i=j+1
σx2i
σy2j
bj↓ = −
(
L∏
i=1
σx2i−1
) L∏
i=j+1
σx2i
σz2j
we obtain the spin ladder model
H0 =
L−1∑
j=1
(
t+ ∆↑
2
σz2j−1σ
z
2j+1 +
t+ ∆↓
2
σz2jσ
z
2j+2
+
t−∆↑
2
σy2j−1σ
y
2j+1 +
t−∆↓
2
σy2jσ
y
2j+2
)
+U
L∑
j=1
σx2j−1σ
x
2j +
µ
2
2L∑
j=1
σxj
We have that Zf2 =
∏2L
j (−σxj ) and Zp2 =
∏2L
j (σ
z
j ).
We consider µ = 0, t = ∆↑ = ∆↓ and without loss of
generality t is considered positive. The spin ladder model
reduces to
H0 = U
L∑
j=1
σx2j−1σ
x
2j + t
L−1∑
j=1
(
σz2j−1σ
z
2j+1 + σ
z
2jσ
z
2j+2
)
(17)
The mapping onto the spin ladder allow us to iden-
tify a set of observable Rj = σ
z
2j−1σ
z
2j with j =
6t ZZ
t ZZ
t ZZ
t ZZ
t ZZ
t ZZ
U XX U XX U XX
1
2
3
4
5
6
7
8
FIG. 3: A representation of the spin ladder at the symmetry
point ∆ = t and µ = 0 for L = 4.
1, · · · , L that commutate with the Hamiltonian [11].
The constant of motion Rj has eigenvalue rj = ±1
and in terms of the fermionic operators reads Rj =(∏L
i=j ibi↑bi↓
)(∏L
i=j+1 iai↓ai↑
)
. The dependence on
these observable is made explicit by recasting the Hamil-
tonian as
H0 = U
L∑
j=1
σx2j−1σ
x
2j + t
L−1∑
j=1
(Rj +Rj+1)σ
z
2jσ
z
2j+1 (18)
By performing a second Jordan-Wigner
αj =
(
j−1∏
i=1
σyi
)
σxj (19)
βj =
(
j−1∏
i=1
σyi
)
σzj (20)
we map the spin ladder onto the fermionic model
H0 = −iU
L∑
j=1
ajbj − it
L−1∑
j=1
(Rj +Rj+1)ajbj+1 (21)
and the constant motion Rj = icjdj , where we have
renamed the Majorana operators aj = α2j , cj = β2j ,
dj = α2j−1 , bj = β2j−1.
The boundary term Hedge = −hSyL−∆0(icL↑cL↓+h.c)
is mapped onto
Hedge = − i
2
(
∆0 +
h
2
)
RLaLbL +
1
2
(
∆0 − h
2
)
RL
(22)
and the dimerized interaction term H1
H1 = λ
L
2∑
j=1
R2j−1R2j (23)
We note that the mapping is the same of the mapping
in Ref. [13].
CORRELATIONS
The spin-singlet correlation on the site j can be ex-
pressed in terms of the expectation value of fermionic
operators of the model in Eq. (21)
〈cj↑cj↓〉 = i rj
4
〈 L∏
i=j+1
(−iaibi)〉+ 〈
L∏
i=j
(−iaibi)〉
 (24)
where the average is calculated with respect eigenstates
which are also eigenstates of the operators Rj . At the
same way we have
〈ci↑ci↓c†j↓c†j↑〉 =
rirj
16
(
〈
j−1∏
l=i
(−ialbl)〉+ 〈
j−1∏
l=i+1
(−ialbl)〉
+〈
j∏
l=i
(−ialbl)〉+ 〈
j∏
l=i+1
(−ialbl)〉
)
(25)
The magnetization in the y direction can be calculated
as
〈Syj 〉 =
rj
4
〈 L∏
i=j
(−iaibi)〉 − 〈
L∏
i=j+1
(−iaibi)〉
 (26)
and the spin correlations 〈Syi Syj 〉 as
〈Syi Syj 〉 =
rirj
16
(
〈
j−1∏
l=i
(−ialbl)〉 − 〈
j−1∏
l=i+1
(−ialbl)〉
−〈
j∏
l=i
(−ialbl)〉+ 〈
j∏
l=i+1
(−ialbl)〉
)
(27)
The particular choice of the state gives 〈cjσcj+1σ′〉 = 0
from which we note that nearest neighbor triplet or sin-
glet correlations are not formed. There is not magne-
tization in the x and z directions 〈Sxj 〉 = 〈Szj 〉 = 0,
the density 〈njσ〉 = 12 and the correlation functions
ρσσ
′
ij = 〈(2c†iσciσ − 1)(2c†jσ′cjσ′ − 1)〉 are only local with
ρ↑↓jj = −i〈ajbj〉, from which 〈Szi Szj 〉 = 0.
For the ground state, such expectation values can be
calculated with the help of the Wick theorem, from which
〈∏jl=i(−ialbl)〉 can be written as the determinant
〈
j∏
l=i
(−ialbl)〉 =
∣∣∣∣∣∣∣
Gi i Gi i+1 · · · Gi j
...
. . .
...
Gj i Gj j
∣∣∣∣∣∣∣ (28)
The element matrix Gi j = −i〈aibj〉 can be calculated
as Gi j =
∑
k UikVjk.
7For homogenous rj , by imposing periodic boundary
conditions to the model in Eq. (5) we have
lim
|i−j|→∞
j−1∏
l=i
(−ialbl)〉 ∼

(
U
|U |
)j−i (
1− ( 2tU )2) 14 , |U | < 2t
0, |U | > 2t
(29)
For the staggered case {r2j−1 = (−1)j+1, r2j = (−1)j},
the model can be solved exactly at finite L. The matrix
G is the diagonal block matrix
G =

U
|U |
o
oT
o
. . .
U
|U |

(30)
where o is the matrix
o =
1√
t2 + U2
( −U t
−t −U
)
(31)
from which
j∏
l=i
(−ialbl)〉 =
{
o11, j odd, i odd
∨
j even, i even
1, j odd, i even
∨
j even, i odd
(32)
for i > 1 and j < L.
The values of Λ are Λ1,L = 2 |U | and Λ2i,2i+1 =
2
√
2t2 + U2 ± 2t√t2 + U2 for i = 1, · · · , L/2− 1.
DYNAMICS
The study of the dynamics is simplified by exploiting
the mapping.
In the invariant subspace with eigenvalues {rj}j , in the
Heisenberg picture we have the motion equations
a˙i(τ) =
∑
j
Bij(τ)bj(τ) (33)
b˙i(τ) = −
∑
j
Bji(τ)aj(τ) (34)
where the time is indicated with τ .
The time evolved vector ψ = (a1, · · · , aL, b1, · · · , bL)T
can be expressed as ψ(τ) = Φ(τ)ψ(0), where Φ(τ) is so-
lution of the differential equation Φ˙(τ) = iτy⊗B(τ)Φ(τ),
with initial condition Φ(0) = 1, where τy is the Pauli ma-
trix τy =
(
0 −i
i 0
)
.
For a sudden quench where the initial state is the
ground state of the Hamiltonian H ′ = i2
∑
ij aiB
′
ijbj , we
have
ai(τ) =
∑
k
X11,ik(τ)a˜
′
k +X12,ik(τ)b˜
′
k
bi(τ) =
∑
k
X21,ik(τ)a˜
′
k +X22,ik(τ)b˜
′
k
(35)
where we have defined the matrices X11 =
U cos(Λτ)UTU ′, X12 = U sin(Λτ)V TV ′, X21 =
−V sin(Λτ)UTU ′ and X22 = V cos(Λτ)V TV ′, and the
orthogonal matrices U ′ and V ′ are such that B′ =
U ′Λ′V ′T and a˜′k =
∑
i U
′
ikai, b˜
′
k =
∑
i V
′
ikbi.
By exploiting the Wick theorem, the correlations at
equal time like as Ci(τ), can be expressed in terms of the
two points correlations
〈−iai(τ)bj(τ)〉 = (X11XT22 −X12XT21)ij
〈−iai(τ)aj(τ)〉 = (X11XT12 −X12XT11)ij
〈−ibi(τ)bj(τ)〉 = (X21XT22 −X22XT21)ij
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